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Abstract. With the help of the Seiberg-Witten map for photons and 
fermions we define a 6'-deformed QED at the classical level. Two 
possibilities of gauge-fixing are discussed. A possible non-Abelian 
extension for a pure ^-deformed Yang-Mills theory is also presented. 
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1 Introduction 



The Seiberg-Witten map was originally discussed in the context of string theory, where it 
emerged from a 2D-cr- model regularized in different ways [|l|. It was argued by Seiberg and 
Witten that the ordinary gauge theory should be gauge-equivalent to a noncommutative coun- 
terpart. The Seiberg-Witten map may be also introduced with the help of covariant coordinates. 
In this way the deformed gauge theory emerges as a gauge theory of a certain noncommutative 
algebra 0, [^] leading to the same results as in ref.[|l|. 

In this note we apply the idea of the Seiberg-Witten map in order to define a ^-deformed 
QED at the classical level, including the corresponding Seiberg-Witten map for the infinitesimal 
local gauge transformation of the fermions. Using the definitions of the star-product and the 
Seiberg-Witten map for the Abelian gauge field and the fermions we define a ^-deformed QED 
in terms of the deformation parameter 6' of a noncommuting fiat space-time. This deformation 
parameter, which is treated as a constant external field with canonical dimension —2, leads to 
a field theory with infinitely many ^-dependent interaction vertices. 

In order to prepare the quantization of this deformed QED (and possible non-Abelian ex- 
tensions) we discuss the gauge-fixing procedure of the photon sector in the Seiberg-Witten 
framework. It is interesting to note that there are two possibilities of gauge-fixing. The lin- 
ear one corresponds to the usual gauge-fixing of the undeformed Abelian model, whereas the 
second possibility is induced by a nonlinear gauge-fixing emerging from the noncommutative 
structure of the deformed QED. It is important to observe that the ^-deformed QED is still 
characterized by an Abelian gauge symmetry. The symmetry of the model is described by a 
linear BRST-identity. 

The letter is organized as follows. Section 2 is devoted to a definition of the Seiberg-Witten 
map for photons and fermions. With these ^-expansions for the basic field variables of the 
model and the usual definition of the star-product an Abelian gauge invariant deformed 
QED action is defined. The gauge-fixing procedure a la BRST will be discussed in section 
3. Higher derivative gauge invariant monomials which are allowed due to the presence of 9 are 
analyzed in section 4. In fact such terms are required if one studies radiative corrections @ . 

In a last step we present also a non-Abelian extension of the photon sector, the pure 9- 
deformed noncommutative Yang-Mills (NCYM) theory, involving the discussion of the invariant 
action, the gauge-fixing procedure and the higher derivative gauge invariant extensions of the 
action. 

2 Deformed QED via Seiberg-Witten Map 

The starting point is the undeformed QED with its local gauge invariance 




(1) 



where 



(2) 
(3) 
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Sinv is invariant with respect to infinitesimal gauge transformations: 

SxA^ = d^X, 

= —iipX. 

In order to get a ^-deformed QED in tlie sense of Seiberg and Witten [|l| one defines 

;jj = ^ + ^' {,p,A,-en + o{e^), 

A = A + A' (A,A,; + 0(^2), 

witfi tlie corresponding Seiberg- Witten maps given by 

A^ (A^) + 5xA^{A^) = {A^ + 5xA^) , 
^ A,) + 6~^^{^, A,) =^{iIj + 5x^, a, + 5xA,) . 

The deformed infinitesimal gauge transformations are defined as usual |{7[: 



daX + i 



dr^X + iX-kA^-iA^-kX, 



6^i/j = iA ★ -0, 
6^ijj = -k A, 

where we have used the star-product Expanding (|) in powers of 9 one gets 

0(6'), 



d^x-e^'^dpXd^A^ 



With 



^3^^ = iX^lj-- 9P- dpX d^ij + 0(6^ 
one gets the following solutions of (^: 



A'^ = --eP'^A,{d^A, + F^,), 

ij' = -^eP-Apd„'i/;, 

X' = -^9P-A,dA- 
In terms of the commutative fields @ the deformed field strength becomes 



d^A, - d,Ap + Qp'^ dpAp d^A, + 0{e^) 
F^, + 9"'' {Fpp F,, - A, d^Fp,) + 0{e^). 



The infinitesimal gauge transformation of F^^ is calculated with 5xA^ = d^X (from now 
omit the symbol 0(6*^)) 



-e^^dpXd^Fp, 



-e'^d.xd^F. 



Now we are able to write down the analogue of (|T]), leading to the following generalization 



with 



Using the above expansions in 9 one gets 



(13) 



d X iipiy 



+- QP'^ {Ap {d^Ap + F„^) ^ + ApAp d,^ - i dpA^d^^l,) 
- i QP" Ap d^ij i -f^Dpi/j - mipilj + ]^meP''dpA„%l)i) 



-- Fp,FP- - - [F^pF^^FP- - - Fp^F^^FP-j | . (14) 

Equation (|I^) contains non-renormalizable vertices of dimension 6. The quantity 9^"^ will be 
considered as a classical unquantized external field with dimension —2. The ^-deformed action 
([T^) is invariant with respect to (^. 

3 Gauge-Fixing a la BRST 

In order to quantize the system ( p!^ we need a gauge-fixing term which allows of the calculation 
of the photon propagator. This can be done in a twofold manner: Corresponding to the 
usual BRST-quantization procedure one replaces the infinitesimal gauge parameters A and A 
by Faddeev-Popov ghost fields c and c leading to the following BRST-transformations for the 
Abelian structure 



sA 



dnC, STp = icijj. 



(15) 



Corresponding to the noncommutative structure of (|^) one gets 

sA^ = dpC-9P''dpcd^Ap, 
= icij) — ^9^'^ dpC dcjip. 



Nilpotency of (|15D and (|l^) implies 



sc = 0, 



sc = --9P"dpcd,c. 



(16) 

(17) 
(18) 
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Clearly, due to one has also 



Introducing now two BRST-doublets c = c and B = B with 

sc = sc = B = B, 
sB = sB = 0, 

one has two possibilities to construct Faddeev-Popov actions: 



(19) 



(20) 



E« = j d'xs(cd>'A^ + ^cB^ = j (fx [Bd^A^-cd^+^B'^y (21) 



and 



,(m) 



a . 



(fxs{cd^'A^ + -cB 



An expansion in 6 of S^/^ leads to 



(fx [Bd^'A^ - c9^si^ + 



(22) 



(fx {Bd^'A^-cd''c+-B'' 



-- [Bd'^ (Ap {d^Ap + F^p)) + cd' {dpcA„) {dpcd^A,)]^ . (23) 

The case described by (^) is the usual linear d'^A^ = gauge, whereas the Faddeev-Popov 
action of (^) corresponds to a highly nonhnear gauge. However, one has to stress that both 
cases lead to the same photon propagator 



{ApA,) 



le 



k k 



In terms of (|T5|) , (|17|) and (^) the symmetry content of (^l]) and 
linearized Slavnov- Taylor identity 



5E 



(0) 



d X 



dJ-^ + B^^" 



with 



^inv ~l~ 



5c 



0, 



(24) 

may be expressed by a 
(25) 



(26) 



Formula (^) implies the following transversality condition for the 2-point IPI vertex functional 



5A^,{x) 6A^{y) 



(27) 
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meaning that the "vacuum polarization" of the photon is transverse in momentum space 



p'^n^,(p,-p) = 0. (28) 

In a companion paper we have studied perturbatively this transversahty condition. 

However, at this stage one has to state that the total action (^) is not the whole story. 
Because of the deformation parameter 9'^'^ (which is treated as a constant external field) one 
can construct further gauge invariant quantities. Such additional terms in the BRST-invariant 
total action are in fact needed for the one-loop renormalization procedure. 



4 Higher Derivative Gauge Invariant Terms in the Action 

The presence of a constant external field 9 allows in principle to add "infinitely" many gauge 
invariant terms to the Lagrangian. Due to this fact one can construct the following bilinear 
BRST-invariant action in the photon sectorQ 

= j d'x |-i F,, d^F^^ - i d>^F,, d^F/ - ^ F^, d'd'F^'' -U^ F^, {d'fF^'' 

+ ^ (d^'d'^F^J^ ^ + ^F^u {d^fF^"" + higher derivative termsj , (29) 

with 



d^" = 




= 




9' = 






9''PF/, 


F = 


M ■ 



(30) 



Alternatively, (^) may be rewritten as 
^^1": = I d'x F^, d^F^'^ - ^ d^F^,, d^F/ - ^ F^, d'^d'F^- 



2 



d\d'Yg,. + {d,d, + d,d,){d'Y + {d'Y 9\ 9^ 
^ 9'^ F^^ {dyF^"" + ^dA {OydA + higher derivative termsj . (31) 



^Note that / d:^x{-\ F^^ d"^ F^"") and / d'^xi-^ d^^F^^ dPF/) are of topological nature. Observe also that 
dA is gauge invariant. 
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In a similar way one can construct with = O^D^ [D^ = — iA^) also higher derivative 
terms for the Dirac theory 

S^'J = J d^x |m (^dD + (DDf + D^D^ + . . . ) ^ 

+ i^^^ iD^ {dD + {DDf + D^b^ + . . . ) ^/^ 

+^7^^ ib^ D^ (l + Db + {Dbf + D'^b^ + + h.d. } . (32) 

It is interesting to notice that one can construct also four-fermion vertices. For example one 
has 

SSh.d. = j d^x jv^D^^^L"^^ + [Db + {Dbf + D^b^ + . . . ) ^^'^''^ + h-d.} . (33) 

However, these terms cannot be obtained from a truly noncommutative action by the Seiberg- 
Witten map because the corresponding expression would be non-local. Therefore, we expect 
that contributions of this type, which are possible for individual Feynman graphs, cancel on 
the level of Green's functions. Equations (P^)-(PB|) imply that even at the classical level one 
has ^-dependent terms. This entails the following form of the "vacuum polarization" of the 
photon in momentum space representation 

nJS(p, -P] 0) ^ {p'^fe'^ {p^p^ - g^^p^) + p^p^ [p^py - g^^p^) + {p^fp^^Pu ^^^^ 

+ {P^f {diiuP^ + PtiPu + PuP^, + P^OP^OpS) , 

in observing that no terms linear in 9^^ occur. Due to 

pp = 0, pp = —p^, (35) 

it is obvious that ( ^4|) fulfills the transversality condition (|28|) , where we have used a notation 
analogous to (0). In order to be complete the total action is given by 

= Sinv + 1 I + + s^s, + sgj,.,. . (36) 

In the limit ^ one recovers the ordinary QED with a free Faddeev-Popov sector. One has 
to stress also that equation (|29|) is required for the renormalization procedure at the one-loop 
level for the calculation of n|ti^(p, —p; 9) [H. 

5 Non-Abelian Extension: Pure Yang-Mills Case (NCYM) 

We start with the non-Abelian extension of (^ in considering only the gluon sector. The 
corresponding gluon field is now Lie-algebra valued: 

A,{x) = Al{x)T\ (37) 
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where the are the generators of a U{N) gauge group with 

Tr (T^T'') = T° = ^ 1. 

The corresponding non-Abelian field strength is defined as usual 

F^u = d^A^ — dyA^j^ — i [A^, AJ\ . 

The infinitesimal gauge transformations are 

6xA^ = d^X + i [A, A^] = D^X, 
6xF^, = i [A, F^,] . 

As shown in [0] the Seiberg-Witten map for the non-Abelian extension is 

A, = A, + A'^ = A,-^ 9"^ {A^, d^A^ + + 0(9'), 
X = X + X' = X + ^0P- {a^A, + 0(9^). 

From 



d^A^ - a^i. - i 



Afj,, Au 



follows with the help of (|41|) 



Corresponding to (^OD one has 



(55^^^ = 9^A + i 



A,K 



In the sense of Seiberg and Witten (^) implies 

1 



5~^A^ = d^\ + i 



A, A 



Inserting (^) and one arrives finally at 



5~^A^ = D^X + - 9"" {{d.dpX, A,} + {dpX, d,A,}) 



+ - 9P- ([{a,A, , A^] - [A, {A,, d^A, + F,,}]) + 0(^2 



Now we are ready to construct the gauge invariant non-Abelian action. Following one has 
at the classical level 



(48) 



Using one gets for 



4^ 

^ / rf^x ( f;,f-^ 



+ [f^^FIF'^^^ - ^ A;{D„F^,fF'^^ -^A; d^Fl^F'^-^ d'^'''^ . 



(49) 



6 Gauge-Fixing for Pure Yang-Mills Theory 



Similar to the QED case there are again two possibilities of gauge-fixing for the non-Abelian 
generalization. One replaces the infinitesimal gauge parameters by the corresponding ghost 
fields: 



A c, A — s> c. 



(50) 



The first choice leads to 



sA^ = d^c + i [c, A^] = D^c, 



sc = ic = -{c,c} 



(51) 



With the second possibility of (^) one gets from 



c = c+-e'''' {dpC,A^} + 0{9^ 



(52) 



Equations (|5^) and (^) together with (|51|) allow now to calculate the BRST-variations for A^ 
and c: 



sA^ = sA^-^ QP" {{sAp, d^A^ + F^^} + {Ap, d^sA^ + sF^p}) , 
sc = sc+-^ 9""^ {{dpsc, A,} - [dpc sA,]) . 



(53) 



By explicit calculations one verifies that the equations (|53|) follow by 6'-expansion from 



sAp = dpC + i 



SC = IC-kC. 



c, Ap 



(54) 
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The above results may be summarized by the Seiberg-Witten map for the BRST-transformation 

{A,) + sA^{A,) = A^ {A, + sA,) . (55) 
For practical reasons we choose now the simpler possibility for the gauge-fixing procedure: 

Sgf = j d^xi:i[s{cd^A^+'^-cB))= J d^xTT(^Bd''A^-cd''id^c + i[c,A^]) + ^B^y 

(56) 

where c and B are the corresponding non-Abelian antighost and multiplier field. To be complete 
one also adds further gauge invariant pieces to the total gauge-fixed action. They are obtained 
from (^) by replacing the derivatives by the covariant derivatives and the Abelian by the 
non-Abelian field strength. The total BRST-invariant action is thus 



h.d. 



4^? 



^ J d^x Tr (^F^^F'^-' + ^ QP'^ (2 J F^^ - {A„ D^F^, + d^F^,} F^-)\j 

+ y d^x Tr [b d^A^ - cd^ {d^c + i [c, A^\) + f i?' - ^ D'^F^^ 
- ^ D^F^, DPp/ - ^ F^, DDF^" - ^ F^, D^D'F^^" -^9^ F^, ^D^fF'^" 

+1 (^D>'D''F^yy + ^ F^,y {^D'^fF^" + higher derivative terms^ . (57) 

In order to characterize the BRST-symmetry of this model one has to introduce BRST-invariant 
external sources p^iCr allowing to describe the non-linear BRST-transformations consistently. 
This leads to 

Sext = j d^x Tr {p'^sAf, + asc) (58) 

and to the action 

^e°tot = + ^cxt- (59) 

The BRST-symmetry is therefore encoded at the classical level by the non-linear Slavnov- Taylor 
identity 



7 Conclusion and Outlook 



6Au 6a Sc 6c 



0. (60) 



We have defined a ^-deformed QED with the help of Seiberg-Witten maps for photon and 
fermion fields at the classical level. In the same manner we also discussed a ^-deformed Yang- 
Mills model. 

In a next step we focus on the quantization procedure. Some preliminary work has been 
done in 0, where the quantization of a ^-deformed Maxwell theory is presented. There, one- 
loop corrections to the IPI two-point function for the photon are investigated in the presence 
of non-renormalizable interaction vertices. 
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